Volatility plays an important role in controlling and forecasting risks in various financial operations (Wang and Yao, 2005). I estimated the generalized autoregressive conditional heteroscedasticity (GARCH) model in order to capture the time-varying variances of my data from the Belgrade stock exchange in the univariate case (Minović, 2007a). I was then motivated to extend these models to the multivariate dimension. The goal of this article is to present an application of multivariate GARCH (MGARCH) models to the analysis of variances and covariances in the Serbian frontier financial market (Minović, 2007b). The main goal of this article is to show that MGARCH models overcome the usual concept of the time invariant correlation coefficient. It is often the case in finance that the covariance between some two series is of interest, just as the variances of the individual series themselves. While univariate descriptions of GARCH models (see Bollerslev, 1986) are useful and important, the problems of risk assessment, asset allocation, hedging in futures markets and options pricing, portfolio Value at Risk, and CAPM betas estimates require a multivariate framework (Wang and Yao, 2005). This is because all the aforementioned problems require covariances as inputs. MGARCH models specify equations for how the variances and covariances move over time. There are many examples in which empirical multivariate models of conditional heteroscedasticity can be used fruitfully. An illustrative list includes the following analysis (Tse, 2000): portfolio optimization (Kroner and Claessens, 1991), pricing of assets (Hafner and Herwartz, 1998) and derivatives, computation of the Value at Risk (Rombouts and Verbeek, 2004; Bauwens and Laurent, 2004), futures hedging (Park and Switzer, 1995; Yang and Allen, 2004; Bera et al., 1997; Lien and Luo, 1994), volatility transmitting (Karolyi, 1995) 
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MGARCH models used in this article are as follows: the restricted version of BEKK (named after Baba, Engle, Kraft and Kroner, initially due to Engle and Kroner, 1995) , diagonal vector ARCH model (DVEC, initially due to Bollerslev, Engle and Wooldridge, 1988) , and the Constant Conditional Correlation Model (CCC, by Bollerslev, 1990) . For the empirical work, the restricted BEKK, DVEC, and CCC models are preferable. This is because they are much easier to estimate, while maintaining a sufficient level of generality. These models are relatively simple in comparison to the unrestricted models version, which allows one to achieve reliable estimates of variances and covariances.
The BEKK model: Engle and Kroner (1995) proposed a quadratic formulation for the parameters that ensured a positive definiteness conditional variance-covariance matrix ( t ), which became known as the BEKK model (Brooks et al., 2003) . In this model, the number of parameters grows linearly with the number of assets. Therefore, this model is relatively parsimonious and suitable for a large set of assets (De Goeij, 2004) . The BEKK model is in the form: 
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less than one in modulus. Hence, the process can still render stationary even if there exists an element with a value greater than one in the matrix. Obviously, this condition is different from the stationary condition required by the univariate GARCH model, that is, the sum of the ARCH and GARCH terms has to be less than one (Brooks, 2002) . The diagonal VEC 1 (DVEC) model: Under the diagonal VEC (DVEC) model, each variance-covariance term is postulated to follow a GARCH-type equation. The model can be written as follows (Tse and Tsui, 1999, and Brooks, 2002) : (Tse and Tsui, 1999) . Thus the CCC model is given by Bauwens et al., 2006, and Tse, 2000) , ( ( Bauwens et al., 2006) .
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In this article, I estimated multivariate (bivariate and trivariate) GARCH models: the restricted version of BEKK, diagonal vector ARCH model (DVEC), and Constant Conditional Correlation Model (CCC) for daily log returns of the BELEX15 index, Hemofarm and Energoprojekt stocks for the one year period from October 2005 to October 2006. Daily returns are measured by the logdifferences of closing prices. The analyzed stocks are listed at the Belgrade Stock Exchange (www.belex.rs). The methods for estimation parameters used are maximum log-likelihood (in BEKK and DVEC models) and a two-step approach (in CCC model). Prior to multivariate GARCH analysis, univariate GARCH analysis was performed. I used four steps in building a volatility model for each of the analyzed return series. The first step was to specify a mean equation by testing for serial dependence in the data, and building an ARMA model for the return series so as to remove any linear dependence. The second step was to use the residuals of the mean equation to test for ARCH effects. The third step was to specify a volatility model when the ARCH effects were statistically significant and perform a joint estimation of the mean and volatility equations. This allowed us to conclude that the right model for BELEX15 index is the ARMA(1,1)-GARCH(1,1), for Hemofarm stock is the ARMA(2,2)-IGARCH(1,1), and for Energoprojekt stock the ARMA(0,0)-GARCH(1,1) model. Finally, in the fourth step I checked the fitted models carefully: the Ljung-Box statistics of standardized residuals and its squared values showed that the models are adequate for describing the conditional heteroscedasticity of the data. After a bivariate and trivariate conditional heteroscedasticity model had been fitted, I used the Ljung-Box statistics (Q-test) of standardized residuals, those of the squared residuals, and of the cross product of standardized residuals to check for the model's adequacy. The overall result is that MGARCH models perform well statistically.
The hypotheses are: the conditional variances of stock returns on the Serbian financial market are very unstable over time; the conditional covariances between returns for the both stocks and the index on the Serbian financial market exhibit significant changes over time.
The rest of the paper is organized as follows. At the beginning of the second section I present data, and analyze its stationarity. The rest of Section 2 presents ARIMA processes, and univariate GARCH analysis. At the beginning of the third section I present the results of empirical calculation for bivariate version BEKK, DVEC and CCC models for log returns of BELEX15 index and Hemofarm stock. Then I discuss the final results (variances and covariances plots) of the empirical calculation for bivariate version models mentioned above but now for log returns of the BELEX15 index and Energoprojekt stock. The rest of Section 3 presents the empirical results of the trivariate version of BEKK, DVEC and CCC models. Section 4 concludes the paper. Appendix A presents tables and graphs used for the analysis.
Results of Estimation of Univariate GARCH Models

Data and Descriptive Statistics
BELEX15 tracks free float capitalization of the 15 most liquid, continuously traded stocks. The maximum weight for each component is limited to 20%. BELEX15 is calculated and published both with intraday and closing values. The index base period is October 1, 2005, and the base value was 1,000.00 index points (http://www.sinteza.net/). BELEX15 is not adjusted for paid dividends, and is not protected from the dilution effect that appears as a result of the dividends' payout (http://www.belex.rs).
"Hemofarm Concern" is the biggest pharmaceutical company in Serbia. We observe from Figure 2 .1 that in Figure 2 .1: The data graph for log BELEX15 index, log Hemofarm stock and log Energoprojekt stock, respectively. Table 2 .1. Now, I test if log BELEX15 index, log Hemofarm and log Energoprojekt, and its first difference (log return) are stationary.
From the table above we can see that the Augmented Dickey-Fuller test statistic for log BELEX15, log Hemofarm, and log Energoprojekt series are greater than the -3.43 critical value, so we conclude that the null hypothesis of a unit root presence cannot be rejected. I proceed with unit root testing for the first difference. An ADF test of log return for the BELEX15 index, log return for Hemofarm, and log return for Energoprojekt stocks are smaller than the critical value -3.43, so we infer that the null hypothesis of an existing unit root should be rejected and the alternative hypothesis of stationarity cannot be rejected. Thus, series log BELEX15 index, log Hemofarm, and log Energoprojekt stocks have one unit root, hence their first differences (log returns) are stationary. For this reason, it is the usual practice to work with the logs of the changes (i.e. the first differences) of a series rather than the series itself. Let 1t r be the log return series of the BELEX15 index, 2t r the log return series of Hemofarm stock and 3t r the log return series of Energoprojekt stock. On Figure   2 .2 we plot the daily log returns of my series.
We observe in Figure 2 .2 that the log returns of BELEX15 index, Hemofarm and Energoprojekt stocks offer evidence of the well known volatility clustering effect. It is a tendency for volatility in financial markets to appear in bunches. Large returns (of either sign) are expected to follow large returns, and small returns (of either sign) to .
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Empirical Analysis of Volatility and Co-movements in Serbian Frontier Financial Market: MGARCH Approach follow small returns (Brooks, 2002) . Additionaly, the observed cluster in each series tend to occur simultaneously. This motivates an application of a bivariate and trivariate GARCH model (Franke et al., 2005) . I tested my distributions of log series and of log returns against normal distribution, using descriptive statistics (Table 2 .2). Each series has positive skewness which means that these distributions have a long right tail. The kurtosis for each series of log returns exceeds 3, so the distributions of these series are peaked (leptokurtic) relative to the normal. Hence, the kurtosis of log Hemofarm and log Energoprojekt stocks is less than 3; these distributions are flat (platykurtic) relative to the normal. We found that the values of Jarque-Bera normality tests are very high and probabilities are significantly low for each series of log returns so the null hypothesis of a normal distribution should be rejected. Thus, each of these series is not normally distributed.
ARIMA Analysis
Considering the correlograms, I will try to estimate the correct model for log returns. It can be deduced that, for log return of the BELEX15 index, the first two, and fifth autocorrelation coefficients, and the first two partial autocorrelation coefficients, are significant. In the case of log return for Hemofarm, the first and seventh autocorrelation coefficients and the first, sixth, and seventh partial autocorrelation coefficients are significant. But, considering the correlogram for Energoprojekt stock, I observed that there are no autocorrelation and partial autocorrelation coefficients that are significant, and the Ljung-Box test statistics is insignificant, as well (see Minović, 2007c) .
Here, I perform an Autoregressive Moving Average (ARMA) analysis for the log returns in order to obtain a residual series which is free of serial correlation. I specify and estimate ARMA models which minimize the information criteria.
In Table 2 .3, I report coefficients, standard errors, tStatistics, probabilities, Akaike's and Schwartz's Criteria, FStatistics and the Jarque-Bera (JB) normality test. The standard errors and associated t-values reported in this thesis are calculated using the quasi-maximum likelihood methods of Bollerslev and Wooldridge (1992), i.e. the standard errors are robust to the density function underlying the residuals (Baur, 2004) .
Considering the correlogram of the data, I have tested several combination ARMA(p,q). With the probabilities pretty low and Akaike (AIC) and Schwarz (SIC) criteria the Table 2 .2: Descriptive statistics of log BELEX15, log Hemofarm and log Energoprojekt series and their first differences (log return series), where r1 is log return for the BELEX15 index and r2 is log return for Hemofarm stock, and r3 is log return for Energoprojekt stock. best for ARMA(1,1) (all the other tested models showed much poorer performance) process, I conclude that the right model for log BELEX15 index is ARIMA(1,1,1). Akaike's criterion suggest the ARMA(6,6) model, and Schwarz's criterion suggest the ARMA(2,2) model for log return of Hemofarm stock. SIC correctly identifies an ARMA model, whereas AIC tends to over fit the model (Altay-Salih, 2003) . Then, according to SIC criterion I chose the ARMA(2,2) process for log return of Hemofarm stock. I then concluded that the right model for log Hemofarm stock is ARIMA(2,1,2). For Energoprojekt stock, not one autocorrelation and partial autocorrelation functions are significant and the Ljung-Box test statistics is never significant. I found that ARMA(0,0) is the most suitable, i.e. the right model for log return of Energoprojekt stock is the white noise process. I then concluded that the right model for the series of log Energoprojekt stock is ARIMA(0,1,0). The residuals obtained from the ARMA models for each series are not normally distributed (Table 2. 3), because the normality assumption is rejected at the 5% significance level if JB>5.99 (Vogelvang, 2005) . However, even if the distribution of the residuals is not normal, the estimates are still consistent under quasi-maximum likelihood (QML) assumptions (EViews 5 User's Guide, 2005). Obviously, the residuals have to be tested for the absence of autocorrelation. With the Ljung-Box (Q) test, I tested whether the residuals behave like a white noise process (Vogelvang, 2005) . Table 2 .4 reports the Q(m) and Q 2 (m) statistics for each series.
BELEX15
It is evident from the table above that the Q-statistics for squared residuals across all lag lengths are significant for Hemofarm stock and we infer the presence of ARCH effects. The Q-statistics for squared residuals across all lag lengths for BELEX15 index are not significant and ignore the existence of ARCH effects. But the heteroscedasticity in BELEX15, Hemofarm, and Energoprojekt is also observed in the plots of the actual values of residuals. From Table 2 .4 we see that is only one significant autocorrelation on lag 2 in squared residuals in the ARMA model for Energoprojekt stock. It is evident an ARCH effect exists for Energoprojekt stock. On the other hand, the Lagrange multiplier (LM) test (Table 2 .4) shows strong ARCH effects for Hemofarm stock with the test statistic F = 6.613, the p-value of which is zero; and an ARCH effect for Energoprojekt stock with test statistic F = 3.138, the pvalue 0.009. This test then shows no ARCH effect for the BELEX15 index with test statistic F = 0.726 and p-value 0.604.
Univariate GARCH Models
Although the ARCH model is simple, it often requires many parameters to adequately describe the volatility process of an asset return. For instance, consider the daily log return of Hemofarm stock. An ARCH(10) model is needed for the volatility process according to partial autocorrelation functions (see Minović, 2007c) . Some alternative models must be sought (Tsay, 2005) . According to the partial autocorrelation function I found that an ARCH(2) model is needed for the volatility process of Energoprojekt stock. For the BELEX15 it is then possible not to have an ARCH component but a GARCH one. The GARCH is more general, i.e. GARCH(p,0) = ARCH(p).
The detected presence of ARCH effects necessitates the use of a more dynamic and flexible GARCH specification to explicitly model the conditional variance and covariance of residuals (Vogelvang, 2005) . GARCH is more general and better than the ARCH process, so I proceeded with the estimation of the GARCH (volatility) model (estimated parameters are in Table A1 in AppendixA).
From Table A1 in Appendix A it is evident that coefficients for ARMA processes are highly significant except constant coefficients which are insignificant for BELEX15 and Hemofarm. Thus, the results for BELEX15 show that all coefficients in the variance equation are positive and statistically significant at the 10% level. BELEX15 satisfies the GARCH (1,1) model. 
Although the GARCH term is insignificant, I decided to include it, because with the GARCH model I eliminate autocorrelation at lag 2 in the correlogram of squared residuals which was shown by the ARCH(1) model. We know that GARCH(1,1) is equal to ( ) ARCH ∞ and because of that it removes autocorrelation. I have tested several combinations of GARCH(p,q) models such as ARCH(2), GARCH(2,1), and GARCH(1,2). Each model was inconsistent, i.e. I found that GARCH(1,1) is the most suitable one.
Thus, the BELEX15 index follows the ARMA(1,1)-GARCH(1,1) model, Hemofarm stock follows the ARMA(2,2)-IGARCH(1,1) model, and Energoprojekt stock follows the ARMA(0,0)-GARCH(1,1) model. The fitted models can be checked by using the standardized residual and its squared process. The Ljung-Box statistics (Table A2 in Appendix A) of standardized residuals and those of its squared show that the models are adequate for describing the heteroscedasticity of the data.
I applied the ARCH test on the standardized residuals to see if there are any ARCH effects left. Both the Fstatistic and the LM-statistic are very insignificant, suggesting no ARCH effect up to order 5 or 10 for each series, the BELEX15 index, Hemofarm, and Energoprojekt stocks (Table A2 in Appendix A).
In addition to visual inspection, Figure 2 .3 tells us that the GARCH variance series exhibits significant changes over time for both stocks and index. Therefore, these 
Multivariate GARCH (MGARCH) Models
For the multivariate application I start with the bivariate case. In the first part of this section I use data of daily log returns for the BELEX15 index and Hemofarm stock, and in the second part I use data of daily log returns for the BELEX15 index and Energoprojekt stock. The data set covers the period from October 3, 2005 to October 6, 2006. For both univariate and multivariate (bivariate and trivariate) GARCH models, the unknown model parameters are estimated using the Berndt-HallHall-Hausman (BHHH) algorithm 2 . Additionally, EViews 4.1 does not support estimation of MGARCH models, so I extended EViews with new subprograms. This required utilization of informatical methods (programming). Although, the new version of Eviews (6.0) supports multivariate GARCH modeling through regular program menus and commands, manually writing a program gives 2 This algorithm uses the first derivatives of the quasi-maximum likelihood (QML) with respect to the number of parameters that are contained in multivariate GARCH models. This is an iterative procedure; The BHHH algorithm needs suitable initial parameters (Brooks et al., 2003) . us more freedom and flexibility. For all calculations in my programs for bivariate and trivariate versions, the number of iteration is 100 and convergence criterion is 
Bivariate GARCH Models (BELEX15 and Hemofarm)
For the parameter estimation I use the maximumlikelihood approach in the BEKK model as well as in the bivariate DVEC model. The estimation of multivariate GARCH models is commonly done by maximizing a Gaussian likelihood function. Even if it is unrealistic in practice, the normality assumption may be justified by the fact that the Gaussian quasi-maximum likelihood (QML) estimator is consistent provided the conditional mean and the conditional variance are specified correctly (Brooks, 2002) . For the parameter estimation in the CCC model I use the first step (a mean and volatility part) of a two-step approach (the second step is the correlation part). The two-step estimation approach has been developed to increase computational efficiency, and has apparently been used more often in practice (Wang and Yao, 2005) .
Using estimated parameters from Table 3 .1, we obtain the mean equations of the BEKK(1,1) model: Again, in equation (3.10) the sum of the ARCH and GARCH terms is greater than one, the condition of stationarity is not broken. This is the bivariate case and the condition of stationarity is not the same as in the univariate case.
Using the parameters from Table 3 .1, we obtain the mean equations of the CCC(1,1) model: The correlation coefficient between log return for the BELEX15 index and log return for Hemofarm stock is ρ .
We observe that this CCC model reduces to two univariate GARCH(1,1) models. In this case, the two volatility processes are not dynamically related.
Analysis of the results
In the multivariate case I propose to examine the standardized residuals, squared standardized residuals as well as the cross products of the standardized residuals. My results show that the residual-based diagnostics provide a useful check for model adequacy (Tse, 2002) .
The standardized residuals for log return of the BELEX15 index and log return of Hemofarm stock are calculated as:
( )
The cross product of residuals for log return of the BELEX15 index and log return of Hemofarm stock are calculated as: The values of Q-statistics with high p-values of the squared standardized residual series for log return on the BELEX15 index imply that there are no ARCH effects. Therefore, the Q-statistics and significantly low (less than 10%) p-values of the squared standardized residual series for log return on Hemofarm stock imply that we have autocorrelation. It is an expected result because in the univariate case Hemofarm satisfies the IGARCH process, indicating that volatility shocks are quite persistent (EViews 5 User's Guide, 2005).
The Q-statistics for the cross product of standardized residual series and very high p-values (grater than 10%) suggest no ARCH effects in the covariance equation (i.e. we don't have autocorrelation) for log returns of the BELEX15 index and Hemofarm stock in the BEKK and DVEC models. The covariance equation in the CCC model does not contain terms with the cross product of residuals. The goodness-of-fit of a multivariate GARCH model can also be assessed by calling the generic plot function on a fitted "mgarch" object. There is significant deviation in the tails from the normal QQ-line for both residuals (Figure 3 .2). Thus it seems that the normality assumption for the residuals may not be appropriate (Zivot and Wang, 2006) . April 2010 .
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Empirical Analysis of Volatility and Co-movements in Serbian Frontier Financial Market: MGARCH Approach As mentioned before, the estimates are still consistent under the quasi-maximum likelihood (QML) assumptions, if the distribution of the residuals is not normal. In addition to visual inspection of the plots, Figure 3 .1 tell us that the BEKK, DVEC, and CCC give results that are similar in covariances and variances. A plot of the GARCH volatilities of the BELEX15 index and Hemofarm stock reveals that the BELEX15 index is more volatile than Hemofarm stock. From figures for covariances it is evident that correlation between log returns for the BELEX15 index and Hemofarm stock is very unstable over time. We observe the greatest peak in the period of June-July 2006, when the company Schtada bought stocks of Hemofarm. In all the figures that show plotted covariances as well as all those with variances of daily log returns of Hemofarm stock we can see significant autocorrelation. This is because Hemofarm, in the univariate case, follows the IGARCH process. In fact, the changes in the conditional variances are modelled quite well.
The restricted BEKK model has seven free parameters, while the DVEC model has nine free parameters. Indeed, the restricted BEKK model is nested within the DVEC model. The CCC model and the restricted BEKK model are non-nested within each other. Although the CCC model has a smaller number of parameters than the BEKK and DVEC models, it is not nested within these two models (Tse and Tsui, 1999) .
Comparing the likelihood values for the different models with a differing number of parameters may not be fair. Therefore, to make a fair comparison, I use the Akaike Information Criterion (AIC, Akaike 1973), Schwartz Information Criterion (SIC, Schwartz 1978) and HannanQuinn Criterion (HQC), which are standard tests of comparison between GARCH models in the literature (Altay-Salih, 2003) . SIC is strongly consistent (but inefficient) and AIC is not consistent, but is generally more efficient. In other words, SIC will asymptotically deliver the correct model order, while AIC will deliver on average too large a model, even with an infinite amount of data. On the other hand, the average variation in the selected model orders from different samples within a given population will be grater in the context of SIC than AIC. Overall, then, no criterion is definitely superior to others (Brooks, 2002) . The smaller the statistic, the better the model fit (Altay-Salih, 2003) .
Based on the AIC, SIC and HQC tests (Table 3 .1), we can say that CCC(1,1) performs better than both DVEC(1,1) and BEKK(1,1) specifications, although all three provide a solution to the same multivariate GARCH estimation problem. Furthermore, the BEKK model seems to do better than the DVEC representation, based on all three information criteria.
However, according to z-statistics on Table 3 .1 I cannot say that the CCC model outperforms the BEKK and DVEC. Based on these statistics I cannot choose the most convenient model. Thus, Information Criteria (AIC, SIC, and HQC) are not appropriate criteria for choosing a model with the best performance in the multivariate case. In other words, these tests cannot be used for comparison between multivariate GARCH models.
To sum up, it can be said that the above presented model classes are promising, and estimation does work even for moderate dimensions N. Especially the models for N = 2 show good results and may be general enough. In general, I can say that these analyzed models yield good results.
Bivariate GARCH Models (BELEX15 and Energoprojekt)
Here, a similar procedure was repeated, but now for the BELEX15 index and Energoprojekt stock. For detailed results see the references (Minović, 2007b) . Here I present only the final graphs of my calculation and modeling.
If we compare figures for conditional variances among the above presented model we will conclude that the BEKK, DVEC, and CCC give results that are similar in variances. These figures show that the BELEX15 index has always been more volatile than Energoprojekt stock. Therefore, if we compare figures for conditional covariances we will see that the BEKK, DVEC, and CCC give results that have different covariances. We observe from all the figures of covariances and from figures of Energoprojekt's variances that the first pick were in January-February 2006, when the Energoprojekt company signed a significant contract in Nigeria. 
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Additionally, it is evident that correlation between log returns for the BELEX15 index and Energoprojekt stock is very unstable during that time.
Trivariate Case
In this part we consider trivariate GARCH models, and we use the data of daily log returns for the BELEX15 index, Hemofarm stock and Energoprojekt stock, respectively. I used a program for modeling the restricted version of the trivariate BEKK model, and I extended this program on the trivariate case of the DVEC and CCC models. I found that the correlation coefficients (only the first measure of correlation) between log returns of the BELEX15 index and Hemofarm stock is 0.49; that between log returns of the BELEX15 index and Energoprojekt stock is 0.40; and that between log returns of Hemofarm and Energoprojekt stocks is about 0.02. This means that these two stocks are not correlated. Let 1t r , 2t r , and 3t r be the log return series corrected for autocorrelation in the mean of the BELEX15 index, Hemofarm, and Energoprojekt stocks, respectively. The methods for estimation parameters used are maximum log-likelihood and the two-step approach. Although the maximum log-likelihood method can be used for all three models (BEKK, DVEC and CCC), for CCC representation we estimate parameters using the first step of the two-step approach. It is enough because the CCC model uses a constant correlation coefficient, and the second step should be used only when the correlation coefficient is time dependent.
However, in order to choose the best model, diagnostic tests should be calculated. For diagnostic checking I used the Ljung-Box statistics of standardized residuals and those of its squared, and of the cross product of standardized residuals (Table 3 .4 and 3.5). We observe that in the trivariate case we have an ARCH effect From Table 3 .4 it is evident that there are no ARCH effects in covariance equations for the BEKK and DVEC models for pairs BELEX15-Hemofarm; BELEX15-Energoprojekt, and Hemofarm-Energoprojekt. Thus, checks of the models show that they are appropriate: Qstatistics show that the models are adequate for describing the conditional heteroscedasticity of the data. 
